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Quantum permanents and Hafnians via Pfaffians
Naihuan Jing and Jian Zhang
Abstract. Quantum determinants and Pfaffians or permanents and
Hafnians are introduced on the two parameter quantum general linear
group. Fundamental identities among quantum Pf, Hf, and det are
proved in the general setting. We show that there are two special quan-
tum algebras among the quantum groups, where the quantum Pfaffians
have integral Laurent polynomials as coefficients. As a consequence, the
quantum Hafnian is computed by a closely related quantum permanent
and identical to the quantum Pfaffian on this special quantum algebra.
1. Introduction
In revealing the correspondence between the bosonic and fermionic ver-
sions of the Wick formula, Caianiello [C] introduced the Hafnian of a sym-
metric matrix C of even dimension as
(1.1) Hf(C) =
1
n!
∑
σ∈Π′
cσ(1)σ(2)cσ(3)σ(4) · · · cσ(2n−1)σ(2n) ,
where Π′ consists of all permutations σ ∈ S2n such that σ(2i−1) < σ(2i), i =
1, . . . , n. It is known that the Hafnian has several properties similar to the
Pfaffian [LT]. We will add one more identity Hf(C) = per(A) for a closely
related matrix A (cf. Proposition 3.7), which appears to be fundamental as
one notices that Hf(C) 6=
√
per(C) in general. Here the permanent per(C)
[C] is defined by changing all the signs to +1 in det(C), and sometimes also
referred as the positive determinant [M].
In [JZ], we have defined the quantum Pfaffian of an even dimensional
matrix B = (bij) with noncommutative entries by
(1.2) Pfq(B) =
1
[n]q4 !
∑
σ∈Π′
(−q)l(σ)bσ(1)σ(2)bσ(3)σ(4) · · · bσ(2n−1)σ(2n),
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where l(σ) is the number of inversions of σ ∈ S2n. One can formally define
the q-Hafnian of B by replacing q by −q in (1.2). In general, quantum
Pfaffians and Hafnians are polynomials with coefficients of rational functions
in Q(q).
Classically the relationship between Pfaffians and Hafnians goes much
deeper than formal similarity. On the enveloping algebras of the orthogonal
and symplectic Lie algebras, Molev and Nazarov [MN] found the interesting
correspondence between Pfaffians and Hafnians in the study of Capelli’s
identities. The goal of this note is to show that in the coordinate ring of
two-parameter general linear quantum group GLr,s(2n) = 〈aij , (rdetr)
±1〉,
the quantum Pfaffians satisfy the fundamental identities (Theorems 2.1 and
3.2)
(1.3)
Pfr(A
T Js−1A) = rdetr(A)
= cdets−1(A) = Pfs−1(AJrA
T ),
where rdet(A) (resp. cdet(A)) is the quantum row (resp. column) determi-
nant of A = (aij)2n×2n and
Jv = diag(Jv, · · · , Jv︸ ︷︷ ︸
n
), Jv =
(
0 1
−v 0
)
.(1.4)
The identities in (1.3) can be viewed as a common lift of the classical
identity between Pfaffian and determinant or Hafnian and permanent. In de-
riving these identities, we have generalized the method of [JZ] to use various
q-forms to give a uniformed and general treatment of quantum determinants
and Pfaffians as well as quantum permanents and Hafnians.
We further show that there are two cases r = ±s−1 = q of GLr,s which
have a simplified quantum Pfaffian over Z[q, q−1] thanks to the q-Plu¨cker
relation. One special case is the usual quantum general linear group GLq =
GLq,q−1 , and the other is the quantum group GLq,−q−1 . On the second
quantum group both the quantum Pfaffian and Haftnian appear and
(1.5) Pfq(A
T J−qA) = Hfq(AJqA
T ) = rdetq(A).
This interesting phenomenon suggests that the quantum group GLq,−q−1
provides a context where more bosonic and fermionic identities in quantum
multilinear algebra may be found.
2. Quantum determinants
2.1. Quantum semigroup Ar,s. Let r, s be two fixed generic numbers
in the complex field C. The unital algebra Ar,s is an associative complex
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algebra generated by aij, 1 6 i, j 6 n subject to the relations:
aikail = railaik,(2.1)
aikajk = s
−1ajkaik,(2.2)
railajk = s
−1ajkail,(2.3)
aikajl − ajlaik = (r − s)ailajk,(2.4)
where i < j and k < l. The algebra Ar,s is a bialgebra under the comulti-
plication Ar,s −→ Ar,s ⊗Ar,s given by
(2.5) ∆(aij) =
∑
k
aik ⊗ akj,
and the counit given by ε(aij) = δij , the Kronecker delta symbol. This
bialgebra is a two-parameter quantum semigroup (cf. [JL]) that generalizes
the quantum coordinate ring of the general linear group [FRT, LS], which
is the special case of r = s−1 = q.
The quantum row-determinant and column-determinant of A are defined
as follows.
rdetr(A) =
∑
σ∈Sn
(−r)l(σ)a1,σ(1) · · · an,σ(n),(2.6)
cdets−1(A) =
∑
σ∈Sn
(−s)−l(σ)aσ(1),1 · · · aσ(n),n.(2.7)
We will show that both are group-like elements (see (2.16)-(2.17)):
∆(rdetr(A)) = rdetr(A)⊗ rdetr(A),
∆(cdets−1(A)) = cdets−1(A)⊗ cdets−1(A).
In fact, we have the following result [JL] (announced in [T]). For our pur-
pose, we will give a different proof using the technique of q-forms.
Theorem 2.1. In the bialgebra Ar,s one has that
rdetr(A) = cdets−1(A),
and moreover,
rdetr(A)aij = (rs)
j−iaijrdetr(A).
To prove this we introduce two copies of commuting quantum exterior
algebras. The first one is
Λ(n) = C〈x1, . . . , xn〉/I
where I is the ideal
(
x2i , rxixj + xjxi|1 6 i < j 6 n
)
and one writes x∧ y =
x⊗ y mod I. Then we have that
xj ∧ xi = −rxi ∧ xj ,(2.8)
xi ∧ xi = 0,(2.9)
where i < j. The algebra Λ = Λ(n) is naturally Z-graded by deg(xi) = 1 and
the top degree subspace is one-dimensional and spanned by x1 ∧ · · · ∧ xn.
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Assume that aij’s commute with xi’s. We will simply write the general
monomial element a⊗ x as ax, where a ∈ Ar,s, x ∈ Λ. Let
(2.10) δi =
n∑
j=1
aijxj,
then δi also satisfy (2.8)-(2.9). Therefore
(2.11) δ1 ∧ · · · ∧ δn = rdetr(A)x1 ∧ · · · ∧ xn.
The second quantum exterior algebra Λ′(n) is the unital associative alge-
bra C〈y1, . . . , yn〉/J , where J is the ideal (y
2
i , s
−1yiyj + yjyi|1 6 i < j 6 n).
Using similar convention for xi’s, the relations are
yj ∧ yi = −s
−1yi ∧ yj,(2.12)
yi ∧ yi = 0,(2.13)
where 1 6 i < j 6 n. The algebra Λ′ is also Z-graded by deg(yi) = 1
with the top degree 1-dimensional subspace spanned by the single vector
y1 ∧ · · · ∧ yn. Assume that yi’s commute with aij and set
(2.14) ∂i =
n∑
j=1
ajiyj,
then ∂i satisfy the quantum exterior relations (2.12)-(2.13). Subsequently
(2.15) ∂1 ∧ · · · ∧ ∂n = cdets−1(A)y1 ∧ · · · ∧ yn.
The algebra Λ′ is a right Ar,s-comodule with the coaction ρ : Λ
′ −→
Λ′ ⊗Ar,s given by ρ(yi) = ∂i. The comomule identity (ρ⊗ id)ρ = (id⊗∆)ρ
leads to the following.
(2.16)
(ρ⊗ id)ρ(y1 ∧ · · · ∧ yn)
= (ρ⊗ id)∂1 ∧ · · · ∧ ∂n
= (ρ⊗ id)y1 ∧ · · · ∧ yn ⊗ cdets−1(A)
= y1 ∧ · · · ∧ yn ⊗ cdets−1(A)⊗ cdets−1(A)
and
(2.17)
(id ⊗∆)ρ(y1 ∧ · · · ∧ yn)
= (id⊗∆)y1 ∧ · · · ∧ yn ⊗ cdets−1(A)
= y1 ∧ · · · ∧ yn ⊗∆(cdets−1(A)).
Therefore
∆(cdets−1(A)) = cdets−1(A)⊗ cdets−1(A).
i.e. cdets−1(A) is a group-like element.
If we put x = (x1, . . . , xn)
T , y = (y1, . . . , yn)
T , δ = (δ1, . . . , δn)
T and
∂ = (∂1, . . . , ∂n)
T then
δ = Ax,(2.18)
∂ = AT y,(2.19)
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where A = (aij). Therefore Ar,s can be viewed as a set of r-linear and s-
linear transformations preserving the quantum exterior algebras (2.8)-(2.9)
respectively. The following is a generalization of Manin’s result [Ma] for the
one-parameter quantum group.
Proposition 2.2. The entries of the matrix A satisfy the relations (2.1)-
(2.4) of the quantum algebra Ar,s if and only if δi =
∑
j aijxj and ∂i =∑
j ajiyj satisfy the relations (2.8)-(2.9) and (2.12)-(2.13) respectively.
We can now prove Theorem 2.1. Suppose that Λ, Λ′ and A commute
with each other and generate a Z × Z-bigraded algebra A = 〈Ar,s,Λ,Λ
′〉 =
Ar,s⊗Λ⊗Λ
′ with A(i,j) = Ar,s⊗Λi ⊗Λ
′
j , where Λi (resp. Λ
′
i) is the degree
i subspace of Λ (resp. Λ′). Consider the following special linear element Φ
in Ar,s ⊗ Λ⊗ Λ
′:
(2.20) Φ =
n∑
i,j=1
ajixiyj = x
TAT y ∈ A(1,1).
Let ωi = xi∂i =
∑n
j=1 ajixiyj ∈ A(1,1). If follows from (2.8)-(2.9) and
the commutation relations of ∂i that
ωi ∧ ωi = 0, i = 1, . . . , n,(2.21)
ωj ∧ ωi =
r
s
ωi ∧ wj, 1 6 i < j 6 n.(2.22)
Note that Φ =
∑n
i=1 ωi. Using (2.21)-(2.22), we have that
∧nΦ = (
∑
σ∈Sn
(
r
s
)l(σ))ω1 ∧ · · · ∧ ωn
= [n] r
s
!(x1 ∧ · · · ∧ xn)(∂1 ∧ · · · ∧ ∂n)
= [n] r
s
!cdets−1(A)(x1 ∧ · · · ∧ xn)(y1 ∧ · · · ∧ yn),
where [n]v! = [n]v · · · [1]v, [n]v = 1 + v + · · · + v
n−1 for any variable v.
Similarly we can write Φ =
∑n
i=1 ω
′
i with ω
′
i = δiyi =
∑n
j=1 aijxjyi. It is
easy to see that the elements ω′i satisfy the same quantum exterior algebra
(2.21)-(2.22). Thus
∧nΦ = [n] r
s
!ω′1 ∧ · · · ∧ ω
′
n
= [n] r
s
!(δ1 ∧ · · · ∧ δn)(y1 ∧ · · · ∧ yn)
= [n] r
s
!rdetr(A)(x1 ∧ · · · ∧ xn)(y1 ∧ · · · ∧ yn).
Subsequently we get the first identity of Theorem 2.1:
rdetr(A) = cdets−1(A).
For a pair of t indices i1, . . . , it and j1, . . . , jt, we define the quantum
row-minor determinant detr(A
i1...it
j1...jt
) as in (2.6). Then
δi1 ∧ · · · ∧ δit =
∑
j1<···<jt
rdetr(A
i1...it
j1...jt
)xj1 ∧ · · · ∧ xit ,(2.23)
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which implies that detr(A
i1...it
j1...jt
) = 0 whenever there are two identical rows.
For indices 1 6 i1 < · · · < it, it+1 < · · · < in 6 n, it is readily seen that
δi1 ∧ · · · ∧ δit ∧ δit+1 ∧ · · · ∧ δin = (−r)
i1+···+it−
t(t+1)
2 δ1 ∧ · · · ∧ δn.
Note that xj ’s also satisfy the same wedge relations. These then imply the
following Laplace expansion by invoking (2.23):
rdetr(A) =
∑
j1<···<jt
jt+1<···<jn
(−r)(j1+···+jt)−(i1+···+it)rdetr(A
i1...it
j1...jt
)rdetr(A
it+1...in
jt+1...jn
).
In particular, for fixed i, k
rdetr(A)δik =
n∑
j=1
(−r)j−iaijrdetr(A
kˆ
jˆ
) =
n∑
j=1
(−r)i−jrdetr(A
kˆ
jˆ
)aij ,(2.24)
where iˆ means the omission of i and here we use it to denote the indices
1, . . . , i− 1, i+ 1, . . . , n for brevity.
As for the quantum (column) determinant or column-minor, we also
have that cdets−1(A
i1...it
j1...jt
) = 0 whenever there are two identical columns.
The corresponding Laplace expansion for a permutation (i1 . . . in) of n such
that i1 < · · · < ir, ir+1 < · · · < in
cdets−1(A)
=
∑
j1<···<jr
jr+1<···<jn
(−s)(i1+···+ir)−(j1+···+jr)cdets−1(A
j1...jr
i1...ir
)cdets−1(A
jr+1...jn
ir+1...in
).
In particular, we have that for fixed i, k
(2.25)
cdets−1(A)δik =
n∑
j=1
(−s)i−jajicdets−1(A
jˆ
kˆ
)
=
n∑
j=1
(−s)j−icdets−1(A
jˆ
kˆ
)aji.
Like the determinant, the minor row determinant is also equal to the
column minor determinant for any pairs of ordered indices 1 6 i1 < · · · <
it 6 n and 1 6 j1 < · · · < jt 6 n
(2.26) rdetr(A
i1...it
j1...jt
) = cdets−1(A
i1...it
j1...jt
).
Let Dv = diag(v, v
2, . . . , vn), and define the inner automorphism τ of
Matn(Ar,s) via conjugation byDv as follows: for any C = (cij) ∈ Matn(Ar,s)
Cτv = D
−1
v CDv = (v
j−icij).
Let adj(A) = ((−1)i−jrdetr(A
jˆ
iˆ
)) be the quantum adjoint matrix associ-
ated to A. Then the Laplace expansions (2.24)-(2.25) give the first version
of the quantum Cramer’s rule in Ar,s.
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Proposition 2.3. Over the quantum semigroup Ar,s(n), one has that
Aτradj(A) = adj(A)A
τ
s−1 = rdetr(A)I,(2.27)
A(adj(A))τr−1 = (adj(A))
τ
sA = rdetr(A)I,(2.28)
where I is the identity matrix of size n.
Using the quantum Cramer’s rule, we have that
Aτr rdetr(A) = A
τ
radj(A)A
τ
s−1 = rdetr(A)A
τ
s−1 ,(2.29)
therefore aij detr(A) = (rs)
i−j detr(A)aij , which is the second identity in
Theorem 2.1.
2.2. Quantum group GLr,s(n). The second identity in Theorem 1.3
implies that rdetr(A) is a regular element in the ring Ar,s, therefore we can
define the localization Ar,s[det
−1
r ], which will be denoted as GLr,s(n).
Although in general Aτr 6= A
τ
s−1
, this does not prevent the quantum
Cramer’s rule (2.27) from giving an inverse element for A in Matn(GLr,s).
In fact, (2.29) gives the following identity:
(rdetr(A))
−1Aτr = A
τ
s−1(rdetr(A))
−1.(2.30)
So the quantum Cramer’s rule can be rewritten as
Proposition 2.4. On the quantum group GLr,s one has that
(rdetr(A))
−1Aτr · adj(A) = adj(A) · A
τ
s−1(rdetr(A))
−1 = I,(2.31)
A · adj(A)τr−1(rdetr(A))
−1 = (rdetr(A))
−1adj(A)τs · A = I,(2.32)
or equivalently in Matn(GLr,s)
A−1 = rdetr(A)
−1adj(A)τs = adj(A)
τ
r−1rdetr(A)
−1.(2.33)
The second identity (2.32) is obtained from (2.31) by applying the au-
tomorphism τ−1 associated to D−1r or Ds to both sides respectively.
By defining the antipode
S(aij) = (−s)
j−icdets−1(A)
−1cdets−1(A
jˆ
iˆ
)
= (−r)i−jrdetr(A
jˆ
iˆ
)rdetr(A)
−1
the bialgebra GLr,s = Ar,s[rdet
−1
r ] becomes a Hopf algebra, thus a quantum
group in the sense of Drinfeld. In fact, AS(A) = S(A)A = I follows from
Proposition 2.4, therefore (id⊗ S)∆ = (S ⊗ id)∆ = ε.
We remark that the quantum semigroup Ar,s offers new identities to
quantum multilinear algebra studied in [JZ] (see [LT] for several interesting
identities in the classical situation; also see [TT, HH, IW, Z, G] for the
usual quantum group GLq). Moreover, if r, s are indeterminates over the
field F of characteristic 0, then the quantum group Ar,s can be defined over
the rational field F (r, s), and all results in the paper hold in that situation.
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3. Quantum Pfaffians and Hafnians
3.1. r-Pfaffians. Let B = (bij) be a 2n × 2n square matrix with non-
commutative entries, and let B be the associative algebra generated by
bij, i < j. Assume that bij commute with the algebra Λ = Λ(2n) gener-
ated by x1, . . . , x2n, and consider the algebra B ⊗ Λ.
Let Ω =
∑
16i<j62n bij(xi ∧xj) ∈ Bq ⊗Λ. The quantum Pfaffian Pfr(B)
is defined by
(3.1) ∧n Ω = [n]r4 !Pfr(B)x1 ∧ x2 ∧ · · · ∧ x2n.
Explicitly the quantum Pfaffian is given by [JZ]:
Pfr(B) =
1
[n]r4 !
∑
σ∈Π′
(−r)l(σ)bσ(1)σ(2)bσ(3)σ(4) · · · bσ(2n−1)σ(2n) ,(3.2)
where Π′ is the set of permutations σ of 2n such that σ(1) < σ(2), . . . , σ(2n−
1) < σ(2n).
In the quantum coordinate ring Ar,s(2n), we set for 1 6 i, j 6 2n
(3.3) bij =
n∑
m=1
cdets−1(A
2m−1,2m
i,j ) =
n∑
m=1
(a2m−1,ia2m,j − s
−1a2m,ia2m−1,j).
The matrix B = (bij) can be compactly written as
(3.4) B = AT Js−1A,
where for any variable s
Js−1 = Js−1(n) = diag(Js−1 , · · · , Js−1︸ ︷︷ ︸
n
), Js−1 =
(
0 1
−s−1 0
)
.(3.5)
The special case of the following result at r = s−1 = q was proved [JR]
under a stronger assumption using representation theory, and later obtained
via the quantum exterior algebra [JZ]. We will derive the generalization
under a weaker assumption.
Theorem 3.1. On the quantum coordinate ring Ar,s(2n) one has that
Pfr(A
T Js−1A) = rdetr(A),
where AT Js−1A = (bij) and bij are defined by (3.3).
Proof. Note that for 1 6 i < j 6 2n
bij =
n∑
m=1
rdetr(A
2m−1,2m
i,j ) =
n∑
m=1
(a2m−1,ia2m,j − ra2m−1,ja2m,i).
With the bij , by the quantum exterior relations of xi’s it follows that the
2-form Ω can also be written as
(3.6) Ω = δ1 ∧ δ2 + δ3 ∧ δ4 + · · ·+ δ2n−1 ∧ δ2n,
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where δi =
∑2n
j=1 aijxj (i = 1, 2, ..., 2n) and they obey (2.8) and (2.9). Sub-
sequently
(δ2j−1 ∧ δ2j)(δ2i−1 ∧ δ2i) = r
4(δ2i−1 ∧ δ2i)(δ2j−1 ∧ δ2j), i < j(3.7)
(δ2i−1 ∧ δ2i)
2 = 0.(3.8)
Therefore
(3.9) ∧n Ω = [n]r4 !δ1 ∧ · · · ∧ δ2n = [n]r4 !rdetr(A)x1 ∧ · · · ∧ x2n,
where the last identity uses the wedge formulation of detr(A) in Ar,s(2n).
Hence detr(A) = Pfr(B). 
3.2. s−1-Pfaffians. Similar to the r-Pfaffian, we utilize another 2-form
to define the s−1-Hafnian in B. Let
(3.10) Ω′ =
∑
16i<j62n
bijyi ∧ yj,
where yi satisfy the quantum exterior relations (2.12)-(2.13) and commute
with bij’s. The s
−1-Hafnian of B is then defined by
(3.11) ∧n Ω′ = [n]s−4 !Pfs−1(B)y1 ∧ · · · ∧ y2n.
Using the quantum exterior relations, we have the explicit formula:
Pfs−1(B) =
1
[n]s−4 !
∑
σ∈Π′
(−s)−l(σ)bσ(1)σ(2)bσ(3)σ(4) · · · bσ(2n−1)σ(2n) .(3.12)
We also have the second identity between the quantum Pfaffian and
quantum determinant.
Theorem 3.2. In the quantum coordinate ring Ar,s(2n) we have
Pfs−1(AJrA
T ) = cdets−1(A).
where AJrA
T = (b′ij)2n×2n and for i < j
b′ij =
n∑
m=1
rdetr(A
i,j
2m−1,2m) =
n∑
m=1
(ai,2m−1aj,2m − rai,2maj,2m−1).
Proof. This is proved by a similar method to that of Theorem 3.1. In
fact, note that the 2-form Ω′ can be rewritten as
(3.13) Ω′ = ∂1 ∧ ∂2 + ∂3 ∧ ∂4 + · · · + ∂2n−1 ∧ ∂2n,
where ∂i =
∑2n
j=1 ajixj(i = 1, 2, ..., 2n), and ∂i’s obey the quantum exterior
algebra (2.31)-(2.32). Therefore
∧nΩ′ = [n]s−4 !∂1 ∧ · · · ∧ ∂2n
= [n]s−4 !cdets−1(A)y1 ∧ y2 ∧ · · · ∧ y2n,
which implies that cdets−1(A) = Pfs−1(B
′). 
Since rdetr(A) = cdets−1(A) on the quantum semigroup Ar,s(2n), we
have the following result.
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Theorem 3.3. For i < j, let bij =
∑n
m=1 cdets−1(A
2m−1,2m
i,j ) and b
′
ij =∑n
m=1 rdetr(A
i,j
2m−1,2m) in the quantum semigroup Ar,s(2n), then one has
that
Pfr(B) = Pfs−1(B
′).
3.3. Quantum Pfaffians and Hafnians. When r = ±s−1 = q, the
quantum Pfaffian has a simplified expression and is an element of GLq,±q−1
with coefficients in Z[q, q−1]. The case of r = s−1 = q reduces to the usual
quantum group GLq and was discussed in details in [JZ], while r = −s
−1
gives rise to another quantum group on which both the quantum Pfaffian
and Hafnian appear. We focus on this special case of r = −s−1 = q.
Let Bq be the unital associative algebra generated by bij , 1 6 i < j 6 2n
subject to the quadratic relations
(3.14) bijbkl − qbikbjl + q
2bilbjk = bklbij − q
−1bjlbik + q
−2bjkbil,
for 1 6 i < j < k < l 6 2n. We refer them as the q-Maya relations or
q-Plu¨cker relations, since the special case of q = 1 can be recast as a Young
diagram identity connected to Maya diagrams [H].
First of all, using a similar method of [JZ] we have the following simpli-
fication of the quantum Pfaffian.
Proposition 3.4. On the algebra Bq, the quantum Pfaffian Pfq is simply
given by
(3.15) Pfq(B) =
∑
σ∈Π
(−q)l(σ)bσ(1)σ(2)bσ(3)σ(4) · · · bσ(2n−1)σ(2n) ,
where Π is the set of permutations σ ∈ S2n such that σ(1) < σ(2), . . . , σ(2n−
1) < σ(2n) and σ(1) < σ(3) < · · · < σ(2n − 1).
By a direct computation as in [JZ], the elements bij ’s given in (3.3) can
be shown to satisfy the q-Maya relations. We remark that the bij defined
by (3.3) in the two-parameter quantum semigroup Ar,s does not satisfy the
quantum Maya relation unless r2s2 = 1. Moreover, the quantum Pfaffian
can also be computed iteratively as follows. A proof can be similarly given
as in [JZ].
Proposition 3.5. On the algebra Bq we have
(3.16) Pfq(B) =
2n∑
j=2
(−q)j−2Pfq(B
1j
1j )Pfq(B
2,...,jˆ,...,2n
2,...,jˆ,...,2n
).
Let B
′
q be the algebra generated by b
′
ij for 1 6 i < j 6 2n modulo the
ideal generated by the (−q)-Maya relations
(3.17) b′ijb
′
kl + qb
′
ikb
′
jl + q
2b′ilb
′
jk = b
′
klb
′
ij + q
−1b′jlb
′
ik + q
−2b′jkb
′
il,
where 1 6 i < j < k < l 6 2n.
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Similar to the quantum determinant and Pfaffian, we introduce the quan-
tum (column)-permanent and Hafnian by
perq(A) =
∑
σ∈Sn
ql(σ)aσ(1),1aσ(2),2 · · · aσ(n),n(3.18)
Hfq(B) =
1
[n]q4 !
∑
σ∈Π′
ql(σ)bσ(1)σ(2)bσ(3)σ(4) · · · bσ(2n−1)σ(2n).(3.19)
Similar to the quantum Pfaffian, we can simplify the definition of the
quantum Hafnian.
Proposition 3.6. On the algebra B
′
q, the quantum Hafnian Hfq is sim-
ply given by
(3.20) Hfq(B
′) =
∑
σ∈Π
ql(σ)b′σ(1)σ(2)b
′
σ(3)σ(4) · · · b
′
σ(2n−1)σ(2n),
where Π = {σ ∈ S2n|σ(2i − 1) < σ(2i), σ(1) < σ(3) < · · · < σ(2n − 1)}.
Then Hfq can be evaluated inductively as follows.
(3.21) Hfq(B
′) =
2n∑
j=2
qj−2Hfq(B
′1j
1j)Hfq(B
′2,...,jˆ,...,2n
2,...,jˆ,...,2n
).
Moreover, when the matrix elements b′ij are special quadratic elements
in GLq,−q−1 , we can also express Hfq in terms of perq. The following is an
immediate consequence of Theorem 3.2.
Proposition 3.7. In the quantum coordinate ring Aq,−q−1(2n) we have
Hfq(AJqA
T ) = perq(A),
where AJqA
T = B′ is given by (i < j)
b′ij =
n∑
m=1
perq(A
i,j
2m−1,2m) =
n∑
m=1
(ai,2m−1aj,2m + qaj,2m−1ai,2m).
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